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Abstract 
The paper presents the technique of calculation of the stability of plane bending of glulam beams with a variable section. The 
solution was made with numerical and analytical means using the Bubnov-Galerkin method. The problem was reduced to a 
generalized secular equation. The calculations were made in the software package Matlab. The influence of variable rigidity on 
the critical load was investigated on the example of gable beams loaded by a concentrated force. We compared results with the 
formulas given in the design standards of wooden structures, as well as the results of A.A. Zhuravlev. It was found that the 
design standards give very low values of the reducing coefficient which leads to a waste of material. A refined calculation 
formula in the form of a polynomial with variable coefficients was proposed. 
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1. Introduction 
The problem of stability of the rectangular beam plane bending is known to be reduced to the following 
differential equation [1-4] 
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where T  — twist angle; yM  — bending torque; G — shear modulus; E — elastic modulus; 
3 /12zI bh  — 
axial moment of inertia; tI  — torsional moment of inertia which is defined by following way [5]: 
3
tI hbE ,  (2) 
where E – coefficient which is depended by h/b ratio.  
Table 1 shows the value of the coefficient with different ratios of h/b. For very restricted rectangles with h/b>10 
can be accepted 1/ 3E | [5]. 
Table 1. The value of the coefficient with different ratios of h/b 
h/b 1 2 3 4 6 8 10  
ȕ 0.140 0.229 0.263 0.281 0.299 0.307 0.312 0.333 
Coefficient E  can be determined with the help of approximate formula [6]: 
1 (1 0.63 )
3
b
h
E   .  (3) 
In the case of pure bending with a constant cross-section, the critical bending moment has the form [1]: 
cr t zM GI EIl
S .  (4) 
When alternating bending moment analytical solution of the equation (4) is sought in the Bessel functions, or 
infinite power series.  
2. Formulation of the problem 
Let us consider the rectangular gable beam pivotally supported at the ends in the plane of the bending plane to 
which force Ɋ is applied not in the middle of the span. Settlement scheme and the bending moment diagram are 
shown in fig. 1. The support girder secured against rotation around its axis. 
 
Fig. 1. Scheme of the bending moment diagram 
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3. Solution of the problem 
Let us introduce the dimensionless coordinate ȟ = x / l. Beam height varies according to the law: 
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The bending moment is defined by following way: 
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Substituting (5) and (6) (1), assuming that the coefficient ȕ along the beam does not change, we obtain the 
following differential equation: 
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The boundary conditions for the equation (7) have the form. 
The solution of equation (7) is performed by the Bubnov-Galerkin method. As a basic function takes a 
trigonometric series with n of unknown coefficients: 
1
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The orthogonality condition of the residual can be written as: 
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Condition (9) is a system of linear algebraic equations: 
([ ] [ ]){ } 0,A B XO    (10) 
where 1 2{ } { ... }
T
nX c c c  — vector of unknown coefficients of the series; 
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The coefficients of the matrix [A] and [B] are defined as follows: 
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The integral in (12) can be computed numerically using the trapezoidal rule or Simpson. The system (10) has a 
nontrivial solution if its determinant is equal to zero: 
det([ ] [ ]) 0A BO  .  (13) 
Expression (13) represents a generalized secular equation. The solution of this equation is performed numerically 
in Matlab package. The first critical load corresponds to the smallest absolute value of the eigenvalues O . The 
critical load can be found from the formula: 
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The existing wooden structures design rules [7], the calculation of the stability of plane bending is carried out 
according to the formula: 
Ɇ
M R
WI
d ,  (15) 
where M — maximum bending moment; W — moment of resistance; R — calculated flexural resistance. 
Coefficient ɆI  for bent elements rectangular constant cross-section is determined by the formula: 
2
140 ,Ɇ f
ɪ
b k
l h
I    (16) 
where lp — the distance between the support element sections; kf — coefficient, which depends on the shape of the 
bending moment on the site lp; b and h — cross-sectional dimensions. 
The variable stiffness [7] considered by a reduction factor kzM, which is multiplied by the coefficient of stability 
ɆI . 
In the case of the action of a force on the gable in wooden beam structural design standards provides the 
following formula coefficient kzM: 
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4. Results and discussion 
The received values of coefficient kzM depended on the meanings of Į and Ȗ are represented in the table 2.  
Table 2 – Values of coefficient kzM in depend on Į and Ȗ 
 
ī 
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 
Į 
0.5 0.816 0.846 0.872 0.897 0.919 0.941 0.962 0.981 
0.6 0.792 0.825 0.854 0.882 0.908 0.933 0.956 0.978 
0.7 0.735 0.777 0.815 0.850 0.883 0.914 0.944 0.973 
0.8 0.665 0.719 0.768 0.813 0.855 0.894 0.931 0.966 
0.9 0.599 0.668 0.728 0.783 0.833 0.879 0.922 0.962 
Graph of change of coefficient kzM depending on Į and Ȗ, corresponding to table 2 is shown in fig. 2 by the 
shaded surface. Reticulated surface corresponds the dependence contained in the standards. Fig. 2 shows a 
significant discrepancy between standards with the results obtained by the author. In a case of action of a force in 
the middle of the span  the following formula of coefficient kzM  was obtained by A. A. Zhuravlev [8-10]: 
4 3 2
3 10(3 )
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Fig. 2. Values of coefficient kzM in depend on Į and Ȗ 
Fig. 3 shows graphs of the variation of coefficient kzM depending on Ȗ with Į = 0.5. Line 1 corresponds to the 
result obtained by the authors, curve 2 corresponds to the result obtained by the formula (17), Line 2 corresponds to 
the result obtained by the formula of A. A. Zhuravlev 
Fig. 3 shows that the formula (18) and formula (17) give much lower values of coefficient kzM. Deviation of 
A. A. Zhuravlev’s solutions of the author’s results can be explained by the fact that A. A. Zhuravlev broke beam by  
only 2 final elements. Dependence kzM (Į, Ȗ) in the case of a concentrated force is well approximated by the 
following formula: 
2
1 2 3( , ) ( ) ( ) ( )zMk k k kD J D D J D J   ,  (19) 
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where  
2
1( ) 1.25 0.926 0.606k D D D    ; 
2
2 ( ) 2.86 2.71 0.984k D D D   ; 
2
3 ( ) 1.69 1.87 0.616k D D D    . 
 
Fig. 3. Values of coefficient kzM in depend on  Ȗ with Į = 0.5 
5. Conclusions 
We compared results with the formulas given in the design standards of wooden structures, as well as the results 
of A.A. Zhuravlev. It was found that the design standards give very low values of the reducing coefficient, which 
leads to a waste of material. A refined calculation formula in the form of a polynomial with variable coefficients was 
proposed. 
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